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Abstract 



In this paper, we give estimates of ideal or minimal distances between the distribution of the 
normalized partial sum and the limiting Gaussian distribution for stationary martingale differ- 
ence sequences or stationary sequences satisfying projective criteria. Applications to functions 
CN ' of linear processes and to functions of expanding maps of the interval are given. 



1 Introduction and Notations 



Let Xx, X2, ... be a strictly stationary sequence of real- valued random variables (r.v.) with mean 
zero and finite variance. Set S n = X\ + X2 + • • - + X n . By P n -i/2 Sn we denote the law of n' 1 ^ 2 S n 
and by G a i the normal distribution N(0, a 2 ). In this paper, we shall give quantitative estimates 
of the approximation of P n -i/2 S by G a 2 in terms of minimal or ideal metrics. 

Let £(fi, v) be the set of the probability laws on IR 2 with marginals fi and v. Let us consider 
the following minimal distances (sometimes called Wasserstein distances of order r) 

inf{ / \x — y\ r P(dx, dy) : P G C(fi, v) | if < r < 1 

infjf \x-y\ r P{dx,dy)) : P G £(/i, v) | if r > 1 . 
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It is well known that for two probability measures /x and i/onl with respective distributions 
functions (d.f.) F and G, 

W r {fi,u) = (J \F-\u) -G-\u)\ r duy /r for any r > 1. (1.1) 

We consider also the following ideal distances of order r (Zolotarev distances of order r). For 
two probability measures /i and is, and r a positive real, let 

Cr(/i, v) = sup | y /d/x - y fdv : / G A r J , 

where A r is defined as follows: denoting by I the natural integer such that I < r < I + 1, A r is 
the class of real functions / which are /-times continuously differentiable and such that 

|/ (0 (x)-/%)| < \x-y\ r ~ l for any (x, y) G R x R . (1.2) 

It follows from the Kantorovich- Rubinstein theorem (1958) that for any < r < 1, 

W T <J1,U) = Cr(M,") ■ (L3) 

For probability laws on the real line, Rio (1998) proved that for any r > 1, 

W r {fl,v) <C r (Un,v)) 1/r , (1.4) 

where constant depending only on r. 

For independent random variables, Ibragimov (1966) established that if X% G L p for p g]2, 3], 
then Wi(P n - 1/25 , G ct2 ) = O^-pI 2 ) (see his Theorem 4.3). Still in the case of independent 
r.v.'s, Zolotarev (1976) obtained the following upper bound for the ideal distance: if X\ G L p for 
p g]2, 3], then ( p (P n -i/2 Snl G a 2) = 0{n l ~ p l 2 ). From (jl.4[) . the result of Zolotarev entails that, for 
p G]2,3], W p {P n -i/2 Sn ,G a 2) = Oin 1 ^- 1 / 2 ) (which was obtained by Sakhanenko (1985) for any 
p > 2). From (11. ip and Holder's inequality, we easily get that for independent random variables 
in LP with p G]2,3], 

W r (P n - 1/ 2 Sn ,G (7 2)=0(n^- 2 ^ 2r ) foranyl<r<p. (1.5) 

In this paper, we are interested in extensions of (jl.5p to sequences of dependent random 
variables. More precisely, for X\ G L p and p in ]2, 3] we shall give L p -projective criteria under 
which: for r G [p — 2,p] and (r,p) ^ (1, 3), 

WriP^^G^) = O ( n -(P-30/ai-«(i,r) ) . (L6) 
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As we shall see in Remark 12.31 (11.61) applied to r = p — 2 provides the rate of convergence 
0(n 2 (p- 1 )) in the Berry-Esseen theorem. 

When (r,p) = (1,3), Dedecker and Rio (2007) obtained that Wi{P n -i/2 Sn ,G a 2) = O^ 1 ' 2 ) 
for stationary sequences of random variables in L 3 satisfying L 1 projective criteria or weak 
dependence assumptions (a similar result was obtained by Pene (2005) in the case where the 
variables are bounded). In this particular case our approach provides a new criterion under 



Our paper is organized as follows. In Section [2j we give projective conditions for stationary 
martingales differences sequences to satisfy (11. 6ft in the case (r,p) ^ (1,3). To be more precise, 
let (Xi)i e z be a stationary sequence of martingale differences with respect to some cx-algebras 
(•7"i)iez (see Section [1J] below for the definition of (J 7 i)i^z)- As a consequence of our Theorem 
12.11 we obtain that if (JQ) i6Z is i n ^ p with p e]2, 3] and satisfies 



then the upper bound (jl.6p holds provided that (r,p) ^ (1, 3). In the case r = 1 and p = 3, we 
obtain the upper bound Wi(P n -i/2 S , G a -i) = 0{n~ x l 2 logn). 

In Section [3], starting from the coboundary decomposition going back to Gordin (1969), and 
using the results of Section [2j we obtain L p -projective criteria ensuring ( II. 6ft (if (r,p) ^ (1,3)). 
For instance, if pQ) ieZ is a stationary sequence of L p random variables adapted to (J^^ez, we 
obtain (II. 6p for any p G]2,3[ and any r G [p — 2,p] provided that (11. 7p holds and the series 
E(S' n |jF ) converge in L p . In the case where p = 3, this last condition has to be strengthened. 
Our approach makes also possible to treat the case of non-adapted sequences. 

Section 0] is devoted to applications. In particular, we give sufficient conditions for some 
functions of Harris recurrent Markov chains and for functions of linear processes to satisfy the 
bound (ll.6p in the case (r, p) ^ (1,3) and the rate 0(n~ l l 2 \ogn) when r = 1 and p = 3. Since 
projective criteria are verified under weak dependence assumptions, we give an application to 
functions of ^-dependent sequences in the sense of Dedecker and Prieur (2007). These conditions 
apply to unbounded functions of uniformly expanding maps. 

1.1 Preliminary notations 

Throughout the paper, Y is a iV(0, l)-distributed random variable. We shall also use the follow- 
ing notations. Let (Q, A, P) be a probability space, and T : Q i— > Q be a bijective bimeasurable 
transformation preserving the probability P. For a a-algebra T§ satisfying JF C T _1 (jF ), 
we define the nondecreasing filtration [Ti)i^.% by Ti = T~ 1 (JF ). Let JF.^ = f] k&z J r k and 



which W 1 {P n - 1/ 2 Sn ,G (T 2) = 0{n-V 2 logn). 




(1.7) 
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•7"oo = Vfeez-^fe- We shall denote sometimes by Ej the conditional expectation with respect to 
jFj. Let X be a zero mean random variable with finite variance, and define the stationary se- 
quence (Xi) ieZ by Xi = X o T\ 



2 Stationary sequences of martingale differences. 

In this section we give bounds for the ideal distance of order r in the central limit theorem for 
stationary martingale differences sequences (Xi) ie z under projective conditions. 

Notation 2.1. For any p > 2, define the envelope norm || . ||i,$, p by 



|-X"||i,$,p 



(1 V - u/2)) p ~ 2 Q x {u)du 



where Qx denotes the quantile function of \X\, and <£> denotes the d.f. of the N(0, 1) law. 

Theorem 2.1. Let (Xi) ie z be a stationary martingale differences sequence with respect to [fFi)i^%. 
Let a denote the standard deviation of X . Let p e]2, 3]. Assume that E|X | P < oo and that 



oo ^ 
^2 n 2-p/2 



n=l 



and 



OO 

Y — 

Z-^t n 2/p 



n=l 



C2 

E(^ 

n 



C2 

E( — 

n 



F 



a 



<oo, (2.1) 



a 



p/2 



Then, for any r G [p — 2,p] with (r,p) ^ (1,3), ( r {P n - 



<oo. (2.2) 
G a2 ) = Oin 1 -^/ 2 ), and for p = 3 



(i(P n 



G a2 ) =0(n- 1 / 2 log 



n). 



Remark 2.1. Under the assumptions of Theorem l2.lt ( r (P n -i/2 Sn , G a 2) = 0{n~ r l 2 ) if r < p — 2. 
Indeed, let p' = r + 2. Since p' < p, if the conditions (12.ip and ( 12.21) are satisfied for p, they also 
hold for p' . Hence Theorem 12.11 applies with p'. 

From fll.3p and (11.41) . the following result holds for the Wasserstein distances of order r. 

Corollary 2.1. Under the conditions of Theorem{2Jl W r {P n -i/2 Sn , GvO = O^-fr- 2 )/ 2 ™*^)) 
for any r in [p — 2,p], provided that (r,p) ^ (1, 3). 

Remark 2.2. For p in ]2,3], W p (P n -i/2 Sn , G a 2) = 0(n-^ p ^ 2p ). This bound was obtained by 
Sakhanenko (1985) in the independent case. For p < 3, we have Wi(P n -i/2 Sn , Gv 2 ) = 0(n 1_p / 2 ). 
This bound was obtained by Ibragimov (1966) in the independent case. 
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Remark 2.3. Let IT n be the Prokhorov distance between the law of n l l 2 S n and the normal 
distribution iV(0,cr 2 ). From Markov's inequality, 

n n < {W r {P n -rns n ,G a ,)fl^ for any < r < 1 . 

Taking r = p — 2, it follows that under the assumptions of Theorem 12.11 

U n = 0(n~^V) if p < 3 and U n = O(n~ 1/4 y/\ogn) if p = 3. (2.3) 

For p in ]2, 4], under (Q, we have that || ££ =1 E(Xf - cr 2 |^_i)|| p/2 = 0(n 2 / p ) (apply Theorem 
2 in Wu and Zhao (2006)). Applying then the result in Heyde and Brown (1970), we get that if 
(Xi) ie z is a stationary martingale difference sequence in L p such that ( 12. 2ft is satisfied then 

||F„-$ CT || 0O = 0(n - ^w). 

where F n is the distribution function of n~ l l 2 S n and $0- is the d.f. of G a i. Now 

\\F n - -Moo < (1 + a- 1 (27r)- 1 / 2 )n n . 

Consequently the bounds obtained in (12. 3p improve the one given in Heyde and Brown (1970), 
provided that (12. ip holds. 

Remark 2.4. Notice that if (Xj)j e g is a stationary martingale difference sequence in L 3 such 
that E(X 2 ) = a 2 and 

J2k- 1/2 MX 2 k \Fo) ~ v 2 h/2 < 00, (2.4) 

fc>0 

then the conditions (12.11) and (12. 2p hold for p = 3. Consequently, if (12 .4p holds, then Remark 
12.31 gives || — $o- 1| 00 = 0{n~ l ^\/\ogn) . This result has to be compared with Theorem 6 in 
Jan (2001), which states that \\F n - = O^' 1 ^) if ^ fc>0 ||E(X||.Fo) - ^ 2 || 3 /2 < 00. 

Remark 2.5. Notice that if (Xj)j g z is a stationary martingale differences sequence, then the 
conditions (12. ip and (12.21) are respectively equivalent to 

^ 2 J ' (p/2 - 1} || 2~ j E(Sl |^o) - ^ 2 ||i,*, P < 00, and ^ 2^- 2/p) \\2~ j E(S 2 3 \ JF ) - a 2 \\ p/2 < 00 . 
i>o j>o 

To see this, let A n = ||E(^ 2 |^ ) - E(S 2 )|| li$iP and B n = ||E(^ 2 |JF ) - E(S 2 )|| p/2 . We first 
show that A n and B n are subadditive sequences. Indeed, by the martingale property and the 
stationarity of the sequence, for all positive i and j 

A i+j = ||E(S? + (5 i+i -5 i ) 2 |^o)-E(^ + (^i +J --S , 2 )lli,** 
< Ai + m((S i+j - S>) 2 - E(S 2 ) Hi,*, • 
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Proceeding as in the proof of (4.6), p. 65 in Rio (2000), one can prove that, for any cr-field A 
and any integrable random variable X, \\K(X\A)\\i^ jP < ||-X"||i$p. Hence 



\E((S i+j - S t ) 2 - E(S 2 ) \F ) \\ li%p < \\E((S i+j - S,) 2 - E(S 2 ) |^) || 1>S: 



p ■ 



By stationarity, it follows that A i+ j < + Aj. Similarly B i+ j < Bi + Bj. The proof of the 
equivalences then follows by using the same arguments as in the proof of Lemma 2.7 in Peligrad 
and Utev (2005). 



3 Rates of convergence for stationary sequences 

In this section, we give estimates for the ideal distances of order r for stationary sequences which 
are not necessarily adapted to Ti. 

Theorem 3.1. Let {Xi)i<=.% be a stationary sequence of centered random variables in L p with 
p g]2,3[, and let a 2 = n^^-E^S 2 ). Assume that 

^^E(X„|jF ) and ^^(X_„ — E(X„ n |jF )) converge in L p , (3-1) 

n>0 n>0 

and 

J2^- 2+p/2 \\ n-^SftFo) ~ °lh/2 < oc . (3.2) 

Then the series Y2k&z Cov(X , Xf.) converges to some nonnegative a 2 , and 

1. Cr(P n -^ Sn ,G a2 ) = Oin 1 -^ 2 ) for r E [p — 2,2], 

2. UPn-V^G^) = Oin 1 -^ 2 ) forre}2,p}. 

Remark 3.1. According to the bound (15.351) . we infer that, under the assumptions of Theorem 
13. 1[ the condition ( 13. 2ft is equivalent to 

Y^n-^Wn^nSl^) -A\ P /2 < oo . (3.3) 

n>l 

The same remark applies to the next theorem with p = 3. 

Remark 3.2. The result of item 1 is valid with a n instead of a. On the contrary, the result of 
item 2 is no longer true if a n is replaced by a, because for r e]2,3], a necessary condition for 
C r (fi,u) to be finite is that the two first moments of v and /i are equal. Note that under the 
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assumptions of Theorem 13.11 both W r (P n -i/2 Sn , GvO and W r {P n -i/i Sn , G a 2) are of the order of 
n -(p-2)/2max(i,r)_ j nc ieed, j n ^g case w here r e]2,p], one has that 

W r {P n - y , Sn , G a2 ) < W r (P n - 1/2Sn , G al ) + W r (G a 2,G a2 ) , 

and the second term is of order \o~ — o~ n \ = 0(n~ 1 / 2 ). 

In the case where p = 3, the condition (13.11) has to be strengthened. 

Theorem 3.2. Let (Xi)i & z be a stationary sequence of centered random variables in h 3 , and let 
a 2 = n _1 E(S'^). Assume that 

5^||^E(X fc |Jo) q < oo and ^ ^|| ^(X_ fc - Epf_ fc |.F )) ^ < oo . (3.4) 



n 



n>l k>n ri>l k>n 

Assume in addition that 



n- 1 ^ n- 1 E(S 2 n \F ) - a 2 J 3/2 < oo . (3.5) 



n>l 



Then the series YlkezCov(X Q , X^) converges to some nonnegative a 2 and 

1. Ci(P n -v* 3n ,G a *)=0(n- 1 / 2 ]ogn), 

2. ( r (P n - 1/2Sn ,G a2 ) = 0{n- 1 ' 2 ) forr e]l,2], 

3. ( r (P n - 1/2Sn ,G al ) = Oin- 1 / 2 ) for r e]2,3]. 

4 Applications 

4.1 Martingale differences sequences and functions of Markov chains 

Recall that the strong mixing coefficient of Rosenblatt (1956) between two a-algebras A and B 
is defined by a(A,B) = swp{\¥(Ar\B)-W>(A)¥(B)\ : (A, B) e A x B }. For a strictly stationary 
sequence (JQ)j 6 2, let Ti = a(Xk,k < i). Define the mixing coefficients oti(n) of the sequence 

(Xi) ieZ by 

ai(n) = a(.Fo,<7(Jf n )) . 

Let Q be the quantile function of |X |, that is the cadlag inverse of the tail function x — > 
P(|Xq| > x). According to the results of Section 2, the following proposition holds. 
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Proposition 4.1. Let {Xj) i& % be a stationary martingale difference sequence. Assume moreover 
that the series 

(lVlog(l/ M ))^ 2 )/ 2 g 2 H^ and £t^(/ Q p (u)du) (4.1) 
fc>i ^° fe>i ^° 

are convergent. Then the conclusions of Theorem \2.1\ hold. 

Remark 4.1. From Theorem 2.1(b) in Dedecker and Rio (2007), a sufficient condition to get 

W 1 (P n - l/2Sn ,G a2 ) = Oin-VHogn) is 



rai(n) 

J2 / Q 3 (u)du < oo . 
k>0 Jo 



This condition is always strictly stronger than the condition (14. ip when p = 3. 

We now give an example. Consider the homogeneous Markov chain (li)igz with state space 
Z described at page 320 in Davydov (1973). The transition probabilities are given by p n ,n+\ = 
p_ n _ n _i = a n for ra > 0, p nfi = p^nfi = 1 - a n for n > 0, p ,o = 0, a = 1/2 and 1/2 < a n < 1 
for n > 1. This chain is irreducible and aperiodic. It is Harris positively recurrent as soon 
as Xln>2 ^k=i a k < 00 • m that case the stationary chain is strongly mixing in the sense of 
Rosenblatt (1956). 

Denote by K the Markov kernel of the chain (Yi)iez- The functions / such that K(f) = 
almost everywhere are obtained by linear combinations of the two functions f\ and f2 given by 
/ a (l) = 1, A(-l) = -1 and h{n) = f x {-n) = if n ± 1, and / 2 (0) = 1, / 2 (1) = / 2 (-l) = 
and f2(n + 1) = f'2{—n — 1) = 1 — a" 1 if n > 0. Hence the functions / such that K(f) = are 
bounded. 

If (Xi)i e z is defined by X» = /(V^), with = 0, then Proposition 14.11 applies if 

a x {n) = Oin 1 -^ 2 (log n)~ p/2 ~ £ ) for some e > 0, (4.2) 

which holds as soon as Pq(t = n) = 0(n- 1 ~ p / 2 (logn)- p / 2 - e ), where Po is the probability of the 
chain starting from 0, and r = inf {n > 0, X n = 0}. Now Pq{t — n) — (1 — a„)n^i for n > 2. 
Consequently, if 

ai = 1 — — ( 1 + ] for i large enough , 

2i V log i / 

the condition (14. 2ft is satisfied and the conclusion of Theorem 12.11 holds. 

Remark 4.2. If / is bounded and K(f) ^ 0, the central limit theorem may fail to hold for 

S n = YIUU( Y i) - Hf( Y i)))- We refer to the Example 2, page 321, given by Davydov (1973), 
where S n properly normalized converges to a stable law with exponent strictly less than 2. 
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Proof of Proposition 14.11 Let B p (j r Q ) be the set of Jo-measurable random variables such 



that \\Z ||p < 1. We first notice that 

||E(X 2 | J ) - a 2 \\ p /2 = sup Cov(Z,X 2 k ) . 

zeBp/(p- 2 ~){F Q ) 

Applying Rio's covariance inequality (1993), we get that 

a Q l( fc ) n2/ P 
Q p (u)du) , 

which shows that the convergence of the second series in ( 14. ip implies ( 12.21) . Now, from Frechet 
(1957), we have that 

\\E(Xl\ J ) - a 2 ||i,$ iP = sup {E((l V |Z| P ~ 2 )| E(X fc 2 | J ) - o~ 2 \ ), Z J -measurable, Z ~ ^f(0, 1)} . 
Hence, setting e k = sign(E(X|| J ) — o- 2 ), 

||E(X 2 | J ) - o- 2 ||i,* >P = sup {Cov(£ fc (l V \Z\ p - 2 ),Xl), Z Jo-measurable, Z ~ JV(0, 1)} . 
Applying again Rio's covariance inequality (1993), we get that 

, rai(k) 

||E(A 2 | Jo) - a 2 || 1Ap <C[J (IV log^- 1 ))^ 2 )/^ 2 ^)^) , 
which shows that the convergence of the first series in (14.11) implies ( 12.11) . 

4.2 Linear processes and functions of linear processes 

Theorem 4.1. Let (aj)j 6 2 be a sequence of real numbers in £ 2 such that Y2iei, a i converges to 
some real A. Let (£j)i 6 z be a stationary sequence of martingale differences in LP for p e]2,3]. 
Let Xk = J2jez a j £ k-j, an d o~ 2 = ■n, _1 E(S' 2 ). Let bo = a — A and bj = aj for j ^ 0. Let 
A n = J2jez(Ylk=i bk-j) 2 ■ If A n = o{n), then a 2 converges to a 2 = A 2 K(el). If moreover 

£^Kn(5>) r o )- E( ^IL <00 ' (43) 

n=l j=l Vl 

then we have 

1. IfA n = Oil), then Ci{P n -x/2 Sn ,G a 2) = Oin 1 ! 2 log(n)), forp = 3, 

2. IfA n = 0(n( r+2 - p V r ), then CAPn-^s^G^) = 0(n 1 -P/ 2 ), for re [p- 2,1} and p ^ 3, 

3. If An = 0(n 3 -P), then ( r (P n - l/2Sn ,G a *) = O^l 2 ), for r e]l,2], 
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I IfA n = 0(n 3 -v), then ( r (P n ^ Sn , G al ) = 0{n 1 -^), forre}2,p]. 
Remark 4.3. If the condition given by Heyde (1975) holds, that is 

E ( E ak ) <oc and E ( E ak ) < 00 ' ( 4 - 4 ) 

n=l fc>n n=l k<—n 

then A n = 0(1), so that it satisfies all the conditions of items 1-4. On the other and, one has 
the bound 

A n < 4B„, where B n = ((E N) + ( Y l a il) ) " ( 45 ) 

k=l j>k 

Proof of Theorem 14.11 We start with the following decomposition: 

n oo n 

j=l j=—oo k=l 

Let R n = Y^=-oo(YTk=ibk-j)£j- Since = A„||e ||| and since \a n - a\ < n' 1/2 \\R n \\ 2 , the 

fact that A n = o{n) implies that a n converges to cr. We now give an upper bound for Hp- 
Prom Burkholder's inequality, there exists a constant C such that 

11 00 n 2 1/2 

||i2n|| P <c{| {Y bk ->) J < c W^\\ P y^. (4.7) 
j=— 00 fc=i ^ 

The result follows by applying Theorem 12. II to the martingale A J2k=i £ k (this is possible because 
of (14.3p ) , and by using Lemma 15.21 with the upper bound ( 14. 7ft . To prove Remark 14.31 note first 
that 

n —j oo 2 00 n+i— 1 2 00 • i 

A « = E( E a < + E a + E( E a +E( E ^ 

j'=l £=— 00 i=n+l— j «=1 Z=i i=l i=— i— n+1 

It follows easily that A n = 0(1) under (I4.4p . To prove the bound (14. 5p . note first that 



00 n+i—1 n oo —i 2 



A n <3B n + ( E m) + E ( E 



ml 



i=n+l l=i i=n+l l=— i— n+1 

Let Ti = J2i=i \ a i\ an< i Qi = Si= l -oo Kl- We have that 

00 n+i— 1 _ 2 00 

* ' 2 



E ( E M) - T ™ +1 E ( T i- T n+i) <nT n 

=n+l l=i i=n+l 
-i 2 00 

E ( E m) - ^ n+i E - - n< 5« 



j=n+l l=—i—n+l i=n+l 
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Since n(T 2 +1 + Q 2 n+l ) < B n , (gSD follows. □ 

In the next result, we shall focus on functions of real- valued linear processes 



where (£i)» e z is a sequence of iid random variables. Denote by Wh(-, M) the modulus of continuity 
of the function h on the interval [— M, M], that is 

w h (t,M) = sup{\h(x) - h(y)\, \x-y\< t, \x\ < M, \y\ < M} . 

Theorem 4.2. Let (ai)i e z be a sequence of real numbers in £ 2 and (ei)igz &e a sequence of iid 
random variables in L 2 . Let Xf. be defined as in (f^.ffi ) and a 2 = n~ 1 E(S' 2 ). Assume that h is 
^-Holder on any compact set, with Wh{t, M) < CVM a , for some C > 0, 7 g]0, 1] and a > 0. // 
/or some p g]2, 3], 



E(|e o r v(Q+7)p ) < 00 and ^^(Z) 

»>i |j|>i 



7 /2 



< OO, 



(4.9) 



i/ien i/ie series Ylkez Cov(Xq, X&) converges to some nonnegative a 2 , and 



1- Cl(Pn- 






= 0(n x l 2 log n) , /or p = 


3, 


2. C,(P n - 


Sri 


G CT 2) 


= 0(n 1_p / 2 ) /or r G [p — 


2,2] and (r,p)^(l,3) 


5- Crfc 






= 0(n 1_p / 2 ) /orr G]2,p] 





Proof of Theorem 14.21 Theorem 14.21 is a consequence of the following proposition: 

Proposition 4.2. Let (aj)igz, (£j)igz an d (-Xi)iez as m Theorem \4-2\ Let (eJX'ez &e an 
independent copy of (ei)igz- £e£ Vo = 2^isz a « e -* anc ^ 

= [Vol V ^ a?£-j + ^ a i £ -i anc ^ ^ 2 '* = l^ol V ^ a i £ -j + Z a ? £_ 



///or some p g]2, 3], 

J^ 2 " 1 ^(l^aj-e.j ,Mi,i) <oo and Y.^' 1 Wh (\j2 



a j £ -j 



i>l 



i>l 



, M 2 , 



< 00, 



j<-i 



(4.10) 



£nen the conclusions of Theorem 4-2 hold. 
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To prove Theorem \A.2\ it remains to check (I4.10p . We only check the first condition. Since 
w h (t, M) < CfM a and the random variables iid, we have 



Wh {\ y ^l a i e -i ' Ml >*) - ^11 



a j £ -j 



a j £ -j 



Wr 



0| Hp; 



so that 



w h 



( XX > ' M i.*)ll 

<^( 2 i||E a ^ 



a+7 



j>i j>i 

From Burkholder's inequality, for any (3 > 0, 



(iiiK,rii P +2 a iiiE^- 



E 



j>i 



2V/3p • 



Applying this inequality with (3 = 7 or (3 = a + 7, we infer that the first part of (I4.10p holds 
under (14. 9p . The second part can be handled in the same way. □ 

Proof of Proposition 14.21 Let Ti = a(ek, k < i). We shall first prove that the condition (13. 2p 
of Theorem 13.11 holds. We write 



n n—i 



|E(S^ ) - E(^)|| p/2 <2^^||E(XA +i |^o)-E(X l -X jk+i )|| p/2 

n n n i 

< MXiXk+i\F )\\ P /2 + 2^ Yl MXiXk+i\Fo) - E(X 4 X fe+l )|| p/2 . 



i=l fc= 



i=l k=l 



We first control the second term. Let e' be an independent copy of e, and denote by E e (-) the 
conditional expectation with respect to e. Define 

Yi = a j £ i-j ) ^ = X^ a j £ i-j 5 %i = X^ a j £ i~j J = 5^ a j £ i-j 



j<i 



j<i 



and m^j = \Y( + Z^\M \Y- + Z[\. Taking Tt = cr(&j, i < £), and setting h = h — E(/i(^] ieZ Oi£i)), 
we have 

||E(X,X fe+J |^ )-E(X,X fc+ ,)|| p/2 

e £ (v^/ + z,)/*,^ + z k+i )) - e £ (w + zl)h w +i + z' k+l )) I . 



12 



Hence, 



||E(X i X fc _ H |.F ) -E(X i X k+i )\\ p/ 2 < \\h (Yl +i + (| Y a i( e i~j ~ e'i 

j>% 

+ nv^' + ^iipll^d y a ^ £k 

By subadditivity, 



i L k+i-j 



j>k+i 



,77li,. 



,mi 



< 












< 2 


w a( 1 5Z a J e -J 





,mi 



In the same way 



< 2 



j>k+i 



E 



CLj£-j 



Consequently 



- n 

S S S ll E (^^+il^o) - E(X 4 X fc+J )|| p/2 < 



n o-p/2 
n>l i=l fc=l 



OC 



provided that the first condition in (I4.10p holds. 

We turn now to the control of Y17=i Sfe=j ll E (^i^fc+j|-?~o)||p/2- We first write that 

||E(XjX fc+ j|jF )|| p / 2 = ||E((Xj — K(X i \J r i + [ k /2\))X k+i \J r ^)\\ lp /2 + ||E(E(Xj|J r j + [ fe / 2 ])X fc+ j|jF ) || p /2 
= ll^ollpll^j — E(Xj|jF i+ [ fc / 2 ])|| p + ||X || p ||E(X fc+ j|jFj + [ fc/ /2])||p ■ 

Let b(k) = k - [fc/2]. Since ||E(X fc+i | -7^+^/2]) ||p = HEpf^l.Fo)!^, we have that 

j<b(k) j>b(k) j<b(k) j>b{k) 

Using the same arguments as before, we get that 

||E(X fc+i 1^+^/2]) ||p < 2 w h 

In the same way, 
Xi — E(Xj|jF i+ [ fc / 2 ]) 

lip 

E £ (h( a i £ *-i+ Y a i £ 



E 

j>6(fc) 



CljE-j 



, Afl,fe(fc) 



3<-[fc/2] 



j>-[fc/2] 



fe ( a i £ 'i-j + Y a i £ i-i t 



j<-[k/2] 



3>-[k/2] 



13 



< 2 



a j £ -j 



, M 2 -[k/2] 



so that 

w *>{\ E 

j<-[h/2\ 

Consequently 

j n n 

E -r^ E E PW**hI *b) ll P/2 < oo 

n>l i=l fc=j 

provided that (I4.10p holds. This completes the proof of (13. 2p . Using the same arguments, one 
can easily check that the condition (13. ip of Theorem 13. II (and also the condition (13.41) of Theorem 
13.21 in the case p = 3) holds under (14.101) . □ 



4.3 Functions of ^-dependent sequences 

In order to include examples of dynamical systems satisfying some correlations inequalities, we 
introduce a weak version of the uniform mixing coefficients (see Dedecker and Prieur (2007)). 

Definition 4.1. For any random variable Y = (Yj., • • ■ , Yj.) with values in R fc define the function 
g x ,j(t) = l t < x — P(Vj < x). For any cr-algebra J 7 , let 



K K 

4>{F,Y) = sup |E(n<MnO " E (U^A Y j) 

(xi,...,x k )m h 1 V J=1 7 v j=1 

For a sequence Y = {Yi)i&i where Yj = Y o T l and Y is a jF -measurable and real-valued r.v., 
let 

0fc,v(n) = max sup 0(^0, (Y^, . . . , Y k )). 

l<l<k i ! >...>i 1 > n 

Definition 4.2. For any p > 1, let C(p, M, Px) be the closed convex envelop of the set of 
functions / which are monotonous on some open interval of ffi. and null elsewhere, and such that 
E(\f(X)\P)<M. 

Proposition 4.3. Let p e]2, 3] and s>p. Let X { = f(Y) - E(/(Yi)), where Y t = Y o T { and f 
belongs to C(s, M, Py ). Assume that 



i>l 



( p -4)/2 + (,-2)/( S -l)^ 2Y / i)(s -2)/ S<00 _ 



(4.11) 



T/ien i/ie conclusions of Theorem \4-2\ hold. 



Remark 4.4. Notice that if s = p = 3, the condition (14.111) becomes J2i>i ^2,y(«) 1/ ' 3 < 00 > anc ^ 
if s = oo, the condition (14. lip becomes J2i>i * 2 ^ 2 ^2,y(«) < 00 • 
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Proof of Proposition 14.31 Let B p (Tq) be the set of jF -measurable random variables such 
that || Z ||p < 1. We first notice that 

\\nXk\Fv)\\p < \\E(X k \T )\\ a = sup Cov(ZJ(Y k )). 

06B«/(»-i)(^ o ) 

According to Corollary 16.21 and since (f)(a(Z),Y k ) < 0i,y(^) , we get that 

||E(X fe |.F )|| s < 8M^ s (^ Y (k)Y s -^ s . (4.12) 

It follows that the conditions (13. ip (for p e]2, 3[) or (13.41) (for p = 3) are satisfied under (14.111) . 
The condition (13. 2\\ follows from the following lemma by taking b = (4 — p)/2. 

Lemma 4.1. Let Xj be as in Proposition ^.^ and let b G]0, 1[. 

If X) < " 6+( '" 2)/< '" 1) ^.yW ( - 2)/ '<«), then ^-l F ||E(5^ )-E(^)|| p/2 <oo. 

i>l n>l 

Proof of Lemma 14.11 Since, 

n n—i 

||E(S*|.Fo) -E(^)|| p/2 < 2 ^2^2\\E(XiX k+i \^ ) -E(XA + i)|| p / 2 , 

i=l fc=0 

we infer that there exists C > such that 

E^ilW - E (^)IIp/2 < C^^-^||E(^X fc+i |Jo) -E^+OIU- (4.13) 

n>l i>0 fc>0 ^ ' 

We shall bound up ||E(X i Xfc +i |.7 : o) ~ E(XiX& +l -)||p/ 2 in two ways. First, using the stationarity 
and the upper bound (I4.12p . we have that 

\\E(X t X k+t \F ) -E(X t X k+l )\\ P /2 < 2\\X E{X k \F )\\ p/2 < 16||X o || p M 1 / s (0 liY (A ; ))( s - 1 )/ s . 

Next, using again Corollary 16.21 

||E(XX fc+l |Jo) - E(XX fe+l )|| p/2 < sup Cov(Z,X i X fe+i ) < 32M 2 / S (0 2 , Y (*))( S - 2 ^ . 

From (I4.13P and the above upper bounds, we infer that the conclusion of Lemma (14.11) holds 
provided that 

[j0-2)/(s-l)] [ fc (s-l)/(s-2)] 

£( £ ^)(^ W )«- + g( £ ^Kv W )<-<oc, 
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Here, note that 

[jO-2)/( S -l)] [ fc (a-l)/(«-2)] p fc («-l)/(a-2)] 

V - < r 6+ ^r and V - < V — < DJfe (1_b) M 

for some D > 0. Since </>i,y(&) < <p2,Y{k), the conclusion of lemma (14. ip holds provided 
VV 6+ 5=t 02^(0^ < oo and A; (1 " 6) T^T0 2iY (A;)^ i < oo . 

i>l fc>l 

One can prove that the second series converges provided the first one does. □ 
4.3.1 Application to Expanding maps 

Let BV be the class of bounded variation functions from [0, 1] to IR. For any h £ BV, denote 
by \\dh\\ the variation norm of the measure dh. 

Let T be a map from [0, 1] to [0, 1] preserving a probability /i on [0, 1], and let 

n 

5n(/) = B/° r "-M/))- 

k=l 

Define the Perron- Frobenius operator K from L 2 ([0, l],/x) to L 2 ([0, via the equality 

/ (Kh)(x)f(x)fj,{dx) = / h(x)(f oT)(x)n{dx). (4.14) 
Jo io 

A Markov Kernel A' is said to be 5^-contracting if there exist C > and p £ [0, 1[ such that 

\\dK n (h)\\ < Cp n \\dh\\ . (4.15) 

The map T is said to be ^^-contracting if its Perron-Frobenius operator is .BV-contracting. 

Let us present a large class of I?^-contracting maps. We shall say that T is uniformly 
expanding if it belongs to the class C defined in Broise (1996), Section 2.1 page 11. Recall that 
if T is uniformly expanding, then there exists a probability measure /i on [0, 1], whose density 
fn with respect to the Lebesgue measure is a bounded variation function, and such that n is 
invariant by T. Consider now the more restrictive conditions: 

(a) T is uniformly expanding. 

(b) The invariant measure /i is unique and (T, /i) is mixing in the ergodic-theoretic sense. 

(c) -pl/ M >o is a bounded variation function. 



16 



Starting from Proposition 4.11 in Broise (1996), one can prove that if T satisfies the assumptions 
(a), (b) and (c) above, then it is BV contracting (see for instance Dedecker and Prieur (2007), 
Section 6.3). Some well known examples of maps satisfying the conditions (a), (b) and (c) are: 

1. T(x) = f3x — \flx] for (3 > 1. These maps are called /^-transformations. 

2. / is the finite union of disjoint intervals (Ik)i<k<n, an d T(x) = akX + bk on Ik, with \dk\ > 1. 

3. T(x) = a{x~ x — 1) — [a(x~ l — 1)] for some a > 0. For a — 1, this transformation is known 
as the Gauss map. 

Proposition 4.4. Let a 2 = n _1 E(S^(/)). IfT is BV -contracting, and if f belongs to C(p, M, fx) 
with p e]2, 3], then the series — /i(/)) 2 ) + 2 J2n>o M/ °T n ■ (f — p-(f))) converges to some 
nonnegative a 2 , and 

1. Ci(P n -^s n (f),G^) = Oin-^logn), forp = 3, 

2. C r (P n ^ Sn(f) ,G a 2)=0(n 1 ^/ 2 ) for re [p- 2,2} and (r,p) ^ (1, 3), 

3. ( r {P n - mSnU) ,G al ) = 0(n^/ 2 ) forre]2,p}. 

Proof of Proposition 14.41 Let (li)j>i be the Markov chain with transition Kernel K and 
invariant measure /i. Using the equation (I4.14p it is easy to see that (Y , . . . , Y n ) it is distributed 
as (T n+1 , . . . ,T). Consequently, to prove Proposition 14.41 it suffices to prove that the sequence 
Xi = f(Yi) — fj,(f) satisfies the condition (14.111) of Proposition 14.31 

According to Lemma 1 in Dedecker and Prieur (2007), the coefficients (f>2,y{i) of the chain 
(Y;)j>o with respect to Ti = cr(Yj,j < i) satisfy 02,y(«) < Cp l for some p e]0, 1[ and some 
positive constant C . It follows that (14.111) is satisfied for s = p. 

5 Proofs of the main results 

From now on, we denote by C a numerical constant which may vary from line to line. 
Notation 5.1. For I integer, q in ]l,l + 1] and / /-times continuously differentiable, we set 

\f\ Aq = su P {\x - ytnfHx) - f\y)\ ■ fay) e R x r}. 
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5.1 Proof of Theorem 12.11 

We prove Theorem 12.11 in the case a — 1. The general case follows by dividing the random 
variables by a. Since ( r (P a x, Pay) — \a\ r (r(Px, Py), it is enough to bound up ( r (Ps n ,G n ). We 
first give an upper bound for ( Pt N '■= (p(Ps N , G% N )- 

Proposition 5.1. Let (Xi) ie i be a stationary martingale differences sequence. Let M p = 
E(|Xo| p ). Then for any p in ]2, 3] and any natural integer N, 

2 -2 N/pc Vv <(M p + -^=J2 2^ (p/2 - 2) II^IIi,*, p ) 2/P + -A,v , (5.1) 

V 2 ^ 2 K=0 J V 

where Z K = E(S^|.F ) - E(S 2 K ) and A N = Ek=o 2 ~ 2K/p \\ z k\\ p /2- 



Proof of Proposition 15.11 The proof is done by induction on N. Let (Yi)j 6 N be a sequence 
of N(Q, l)-distributed independent random variables, independent of the sequence (Xi) ie z- For 
m > 0, let T m = Yi + Y 2 + ■ ■ ■ + Y m . Set S = T = 0. For / numerical function and m < n, set 

fn-m{x) = E(/(X + T n - T m )). 

Then, from the independence of the above sequences, 

n 

E(/(5 n ) - f(T n )) = J2 D m with D m = E(f n . m (S m -i + X m ) - f n . m (S m ^ + Y m )) . (5.2) 

771=1 

Next, from the Taylor integral formula at order two, for any two-times differentiable function g 
and any q in ]2, 3], 

\g(x + h)-g{x)-g'(x)h-\h 2 g"{x)\ < h 2 [ (1 - t)\g"(x + th) - g"{x)\dt 

Jo 



< h 2 / (l-t)\thr 2 \g\ Aq dt, 
Jo 

whence 

\ g (x + h )- g ( x ) - g'( x )h - \h 2 g"{x)\ < —L—lh^g^. (5.3) 

2 q{q-i) 

Let 

D 'm = ^(fn-m{Sm-l)(Xm ~ 1)) = E(f^_ m (S m - 1 )(X^ n - Y%)) 

From (15. 3p applied twice with g = f n - m , x = S m -i and h = X m or h = Y m together with the 
martingale property, 



D — -D' 



1 

< 



~, 7T \fn-m\AM\ X m\ P + \Ym\ P )- 

P\P - 1) 
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Now E(|F m |P) < p - 1 < (p - l)M p . Hence 

\D m — (D' m /2)\ < M p \f n _ m \\ p (5.4) 

Moreover, if / belongs to A p , then the smoothed function / n _ m belongs to A p . Hence, summing 
on m, we get that 

Hf(Sn) ~ f(T n )) < nM p + (D'/2) where D' = D[ + D' 2 + ■ ■ ■ + D' n . (5.5) 

Suppose now that n = 2 N . To bound up D', we introduce a dyadic scheme. 

Notation 5.2. Set mo = m — 1 and write tuq in basis 2: mo = YliLo with hi = or hi = 1 
(note that 6jv = 0). Set m L = J^Zl & » 2i , so that m iv = 0. Let I L>k =] fc 2 L ? ( k + l ) 2L \ n N ( note 
that /jv,! =] 27V , 27V+1 ])> ^L fc) = E ie / Lfc ^ and = J2ia Lk Y i- For the sake of brevity, let 
Uf ] = U L and Ijf = U L . 

Since m^r = 0, the following elementary identity is valid 

N-l 

Art = ^((fn-l-mr. (^m L ) ~ fn-l-m L+1 (Sm L+1 )) {^m ~ 

L=0 

Now mi ^ r/ii + i only if hi — 1, then in this case m^ = A;2 L with A; odd. It follows that 

N-l 

D ' = Y, E E ((/:-i-^(^)-/:_ 1 - (fe - 1)2 ,(^i) 2 .)) £ ( x ™-^ 2 ))- ( 5 - 6 ) 

L=0 *£lisr-L,o {m:m L =k2 L } 

k odd 

Note that {m : m^ = k2 L } = I^. Now by the martingale property 



E fc2 , ( ~ ff2 )) =E fe2 ,((f/f) 2 )-E((^ 



f) 2 ) := 4^ • 



Since (Xi) ieN and (l^)^ are independent, we infer that 



N-l 



D '=J2 Yl E ((/n-l-fc 2 4^) - f'n-l-k2^( S (k-l)2^ + T k2 L - T (k _ 1)2 L )) Zf } ) . (5.7) 

L = k ^ T N~L,0 
k odd 

By using fll.2j) . we get that 

N-l 

D'<J2 E EdC/f^-C/f^r 2 !^!). 



L=0 k ^ I N-L,0 
k odd 
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From the stationarity of (Xj) ig N and the above inequality, 



JV-l 



D '<\Y. 2 N - K n\UK - U K \ p - 2 \Z^\). (5.8) 

K=0 

Now let Vk be the N(0, 2^)-distributed random variable defined from Uk via the quantile 
transformation, that is 

V K = 2 K /H-\F K {U K - 0) + 5 K (F K (U K ) - F K (U K - 0))) 

where Fr denotes the d.f. of Uk, and (8k) is a sequence of independent uniformly distributed 
r.v.'s, independent of the underlying random variables. Now, from the subadditivity of x — > x p ~ 2 , 
\U K ~ U K \ p - 2 <\U K - V K \ p - 2 + \V K - U K \ P ~ 2 . Hence 

HWk - U K \ P ' 2 \Z^\) < \\U K - Vk\\ p p - 2 \\Z^\\ p/2 + E(\V K - U K r 2 \Z^\) . (5.9) 

By definition of Vk, the real \\Uk — Vk\\ p is the so-called Wasserstein distance of order p between 
the law of Ufp and the N(0, 2 K ) normal law. Therefrom, by Theorem 3.1 of Rio (2007) (which 
improves the constants given in Theorem 1 of Rio (1998)), we get that 

\\U K - V K \\ P < 2(2(p - 1)( p ,k) 1/p . (5.10) 

Now, since Vk and Uk are independent, their difference has the N(0, 2 K+1 ) distribution. Hence, 
by definition of the envelope norm || . \\i^ tP , 

E(\V K - U K \*- 2 \Z$>\) < 2 {K+1 ^l 2 -^\\Z K \\i^ P . (5.11) 
From O, fl5TT0|) and flSTTT]) . we get that 

H\Uk - U K r 2 \Z^\) < 2^C P %\\Z K \\ P /2 + 2( K+1 ^ 2 -^\\ZKh^ p . (5.12) 
Then, from ([53]), (J£E) and (15121) . we get 



JV-l 

P-2 



2~%,jv <M P + 2^ 2 - 3 A' N + 2 p - 2 -^ 2 ~%> \\Zk\\ p /2, 

K=0 

where = ^2k=o 2 i ^ < - p/ ' 2 ~ 2 ' ) ||-^ii:||i,*,p- Consequently we get the induction inequality 

2~ N ( P ,N <M P + -—=A' N + 2 ~ K ( P pJ W Z k\\ p /2 ■ (5.13) 
2 V2 K=Q 
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We now prove (15. ip by induction on N. Assume that satisfies (15.1 1) for any L in [0, N — 1]. 
Starting from (I5.13p . using the induction hypothesis and the fact that A' K < A' N , we get that 

2"%,* <M P + ^=A' N + J^2-^\\Z K \\ p/2 ^M p + ^'n) 2/P + 1^k) PI2 ~ 1 ■ 

Now 2- 2K / p \\Z K \\ p/2 = A K+1 - A K . Consequently 

1 F An [[ 1 \ 2 /p 2 \p/ 2 - 1 

2- n C p ,n <M P + ^=A' N + J ( [M p + ^^n) + -x) dx , 

which implies ( 15. ip for Q Pj n- D 

In order to prove Theorem 12.11 we will also need a smoothing argument. This is the purpose 
of the lemma below. 

Lemma 5.1. For any r in )0,p], ( r (P Sn ,G n ) < 2Q r (P Sn * G u G n * Gx) + 4^2. 

Proof of Lemma 15.11 Throughout the sequel, let Y be a N(0, l)-distributed random variable, 
independent of the cr-field generated by the random variables (Xi)i and 

For r < 2, since ( r is an ideal metric with respect to the convolution, 

Cr(Ps n , G n ) < ( r (P Sn * G u G n * Gi) + 2( r (5 Q , G x ) < ( r (P Sn * G x , G n * G x ) + 2E|F| r 

which implies Lemma [5. II for r < 2. For r > 2, from (I5.3p . for any / in A r , 

f(S n ) - f(S n + Y)+ f(S n )Y - \f\S n )Y 2 < ^\Y\\ 

Taking the expectation and noting that K\Y \ r < r — 1 for r in ]2, 3], we infer that 

E(f(S n )-f(S n + Y)-lf"(S n ))<i. 

Obviously this inequality still holds for T n instead of S n and — / instead of /, so that adding the 
so obtained inequality, 

E(f(S n ) - f(T n ) < E(f(S n +Y)- f(T n + Y)) + ^(/"(S^) - f"(T n )) + 1. 

It follows that 

(r(P Sn , G n ) < ( r {P Sn * Gx, G n * Gx) + Kr- 2 (P S „, G n ) + 1. 

Now r — 2 < 1. Hence 

( r -2(Ps n ,G n ) = W r . 2 ((P Sn ,G n ) < (W r (P Sn ,G n )y- 2 . 
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Next, by Theorem 3.1 in Rio (2007), W r (P Sn ,G n ) < (32( r (P Sn , G n )) l l r . Furthermore 

(Z2UPs n ,G n )Y- 2 ' r <Cr(Ps n ,G n ) 

as soon as ( r {P Sn ,G n ) > 2^ r ^~ 5 . This condition holds for any r in ]2, 3] if ( r {P Sn ,G n ) > 4^2. 
Then, from the above inequalities 

Cr(P Sn , G n ) < ( r (P Sn *G 1 ,G n * G 1 ) + |Cr(Ps„, G n ) + 1, 

which implies Lemma 15.11 □ 

We go back to the proof of Theorem 12. 11 We will first complete the proof in the case p = r. 
Next we will derive the general case at the end of the proof. 

Let C* )A r = sup n<2 iv ( P (Ps n , G n ). We will bound up Q >N by induction on N. Let n e]2 JV , 2 N+1 ]. 
Hence n = 2 N + i with i £ [1, 2^]. We first notice that 

Cr(Ps n , G n ) < ( r (P Sn , P Se *G 2N ) + C(P Se * G 2N , G t * G 2N ) . 

Now, with the same notation as in the proof of Proposition 15. 1[ we have 

C r (P Se * G 2N ,G e * G 2 n) = sup E(f 2N (S e ) - f 2N (T e )) < \f * <P 2 n /2 \aM P s^ G e ) . 

feA r 

Applying Lemma [6. 1[ we infer that 

Cr(Ps n , G n ) < ( r (P Sn , P Se * G 2N ) + c r , p 2 N[r - p),2 UPsn Gi) ■ (5.14) 

On the other hand, setting Sg = X^-i + ■ • • + X , we have that S n is distributed as Se + S 2 n. 
Using Lemma [5. 1[ we then derive that 

Cr(P Sn ,Ps e *G 2N )<AV2 + 2 sup E(f(S e + S 2N +Y)- f(S e + T 2N + Y)) (5.15) 

feAr 

Let D' m = E(/2^r_ m+1 (5e + S , m _i)(X^ l — 1)). Following the proof of Proposition 15.11 we get that 
E(f(Sg + S 2 n + Y) - f{S e + T 2 n + Y)) = (D[ + --- + D' 2N )/2 + Ry + • • • + R 2 n , (5.16) 
where, as in ( 15. 4ft . 

Rm<M p \f 2 N_ m+1 \ Ap . (5.17) 

In the case r = p — 2, we will need the more precise upper bound 

R m < E(x^(||^v_ m+1 ||oo A l\\f§)_ m+1 UX m \)) + i||/ 2 ( l m+1 |UE(|F m | 3 ) , (5.18) 
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which is derived from the Taylor formula at orders two and three. From (I5.17P and Lemma 16.11 
we have that 

R:= R 1 + ... + R 2N =0{2 N ^ r ~ p+2 ^ 2 ) ifr>p-2,and R = 0{N) if (r,p) = (1, 3) . (5.19) 



It remains to consider the case r = p — 2 and r < 1. Applying Lemma [6.11 we get that for 

i > 2, 

||/ 2 ( l m+1 ||oo < c r>i (2 N -m+ if-*' 2 . (5.20) 

It follows that 

2 N 



E E (^(ll^- m+ ilUA||/ 2 ( l m+1 |U|x m |)) < ^£^ e ( x o(iaP|) 

m=l m=l 

Consequently for r = p — 2 and r < 1 , 



YYl 1 r l* ^— ' 777,(3 r)/2 J 
m=l m=[X$]+l 



R x + ■ -- + R2N < C(M P + E(\Y\*)). (5.21) 
We now bound up -D^ + • • • + D' 2N . Using the dyadic scheme as in the proof of Proposition 



15. 1[ we get that 

AT-l 



D' m = ^((f^- mL (Si + S m J-f^_ mL JS £ + S mL+1 )(Xl 

L=0 

:= D'^ + EU^(S e KX 2 m -l)). 
Notice first that 



2 JV 

J2Hf^(S e )(X 2 m - 1)) = E((#r(&) - f^(T £ ))Z^ 

m=l 



Hence using Lemma [6.11 we get that 

2 n 

J2E(f^(Se)(X 2 m - 1)) < C2 N ^ 2 E(\S e - T e r 2 \Z^\) . 

m=l 

Proceeding as to get f)5.12p . we have that 

E(\S e - T,r 2 \zf\) < 2^(( p (P Se ,G e ))^- 2 ^\\Z^\\ p/2 + (2£y/ 2 - 1 \\Z^\\ 1 ^ p . 
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Using Remark EH flS} and entail that H-Zj^Hp/a = o{2 2N l p ) and H^lk*,? = o(2 N ^ 2 ). 
Hence, for some e(N) tending to as N tends to infinity, one has 

D[ + h D' 2N < C(e(N)2 N « r - p V 2+2 / p (( p (P Se , G e )) ip - 2)/p + 2 N( ~ r+2 - p ^ 2 ) . (5.22) 

Next, proceeding as in the proof of (15.71) . we get that 

2^ N-l 

^ Dm ^ E E ^((/2 /jv -fe2^(^ + ^&2 £ ) - f2 N -k2 L (Se + S(k-1)2 L + T k2 L - T (fc _ 1)2 L )) j . 
m=l L=0 k £ J N-L,o 

k odd 



If r > p — 2 or (r, p) = (1,3), from Lemma 16.11 the stationarity of (Xi)^ and the above 
inequality, 



N-l 



m=l L=0 k ^ I N-L,o 

k odd 



It follows that 

2^ TV 

J^D'L < C2 Nir+2 - p)/2 J2^ L H\UL-U L r 2 \Z i l ) \) ifr>p-2, (5.23) 

m=l L=0 

2^ TV 

J^^C < CNJ2 2 ~ Le (\ u l-U l \\z£ ] \) ifr = landp = 3. (5.24) 



m=l L=0 

In the case r = p — 2 and r > 1 , we have 

2^ N-l 



(1) 



XX < cE E ^((ii/^iuaii/^iui^-^diz 

m=l L=0 k ^ I N-L,o 

k odd 

Applying (I5.2UI) to z = 2 and z = 3, we obtain 

2^ TV 2 N ~ L 

E ^ < C^2^/ 2 E(|Z«| £ ^-)/ 2 (l A -^=1% - Ul\) 

m=l L=0 fc=l 1 Vfc 

Proceeding as to get (I5.2ip . we have that 

2 N ~ L oo 

£ «="- 2,/2 (l A - < A ^\U L - U L \) <C\V L - U L \' . 

k=l k=l 

It follows that 

2^ TV 

E D ™ - cJ2 2 ~ Le () Ul ~ ^ L \ r \ Z L ] \) if r = p-2 andr < 1. (5.25) 

m=l L=0 
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Now by Remark 1231 (12.11) and (12. 2p are respectively equivalent to 

^ 2 x( P / 2 - 2)||Z/d|i ^ <00) and ^ 2 - 2 ^||^|| p/2 <oo. 

K>0 K>0 

Next, by Proposition 15.11 ( Pj k = 0(2 K ) under (12.11) and (12.21) . Therefrom, taking into account 
the inequality ( 15.121) . we derive that under ( 12.1 ft and (12. 2L 

2- l e(\U l -U l \ p ~ 2 \z£ ] \) < C2- 2L / p \\Z L \\ p/2 + C2 L ^ 2 -V\\Z K \\ 1 ^ p . (5.26) 

Consequently, combining (I5.26P with the upper bounds (I5.23p . (15.241) and (I5.25p . we obtain that 

ST D" = { 0(2 N ^ r+2 ^ 2 ) if r > p - 2 and (r,p) ? (1, 3) 

^ m \ 0(N) ifr = landp = 3. { ' ' 

From dEUD, (15TT5D . (l5TT6|) . (15TT9|) . (15T2B . (JE22D and (j5^71) . we get that if r > p - 2 and 
(r,p)^(l,3), 

Cr(P Sn , G n ) < c TjP 2 N ^l%(P Sv Gt) + C {2 N ^ 2 -^ 2 + 2 N « r -^ 2+2 Me(N)(( p (P Se , Gn)) { - p ~ 2)/p ) 

(5.28) 

and if r = 1 and p = 3, 

CiCPsn, G n ) < C(N + 2"%^, G t ) + 2^/ 3 (C 3 (P S „ G,)) 1 / 3 ) . (5.29) 
Since (*^ N = sup n<2 iv ( p (Ps„, G n ), we infer from ( I5.28P applied to r = p that 

< &v + C(2 N + 2 2N / p e(N)(C p , N ) ip - 2)/p ) • 

Let N be such that Ce{N) < 1/2 for iV < JV , and let K > 1 be such that (* jNo < K2 N °. 
Choosing K large enough such that K > 2C, we can easily prove by induction that (*^ N < K2 N 
for any iV > Nq. Hence Theorem 12.11 is proved in the case r = p. 

For r in [p — 2,p[, Theorem 12.11 follows by taking into account the bound (* N < K2 N , valid 
for any iV > N , in the inequalities (15T281 and (l5T29|) . 

5.2 Proof of Theorem S3] 

By flUD, w e get that (see Volny (1993)) 

X Q = D Q + Z Q -Z Q oT, (5.30) 

where 

00 00 

Z = ^E(X fc |^_ 1 )-^(X_ fe -E(X_ fc |^_ 1 )) and D Q = ^Epf^) - E(X fc |.F_i) . 
fc=o fc=i fcez 
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Note that D G U 3 , D is .Fo-measurable, an d E(D \J r ^i) — 0. Let D { = D oT\ and Z { = Z oT\ 
We obtain that 

S n = M n + Z 1 - Z n+1 , (5.31) 

where M n = Y^=i Dj- We first bound up E(f(S n ) — f(M n )) by using the following lemma 

Lemma 5.2. Let p G]2,3] and r G [p — 2,p]. Let (Xi) ieZ be a stationary sequence of centered 
random variables in L 2Vr . Assume that S n = M n + R n where (M n — M n _i) n> i is a strictly 
stationary sequence of martingale differences in L 2Vr , and R n is such that E(R n ) = 0. Let 
na 2 = E(M 2 ), na 2 . = E(S 2 ,) and a n = a n /a. 

1. Ifre\p- 2, 1] and E\R n \ r = 0(n^ +2 -^/ 2 ), then ( r (P Sn ,P Mn ) = 0(n^ r+2 "^ 2 ). 

2. Ifr e]l,2] and \\R n \\ r = 0{n^' 2 ), then ( r (P Sn ,PM n ) = 0{n^ +2 ^/ 2 ). 

3. Ifr E]2,p], a 2 > and \\R n \\ r = 0(n^' 2 ), then ( r (P Sn , P anMn ) = 0(n^ +2 -^ 2 ). 
I Ifr e]2,p], a 2 = and \\R n \\ r = 0{n^ +2 -^ 2r ), then ( r {P Sn , G nal ) = 0{n^ 2 -^ 2 ). 

Remark 5.1. All the assumptions of Lemma [5.21 are satisfied as soon as sup n>0 ||-Rn|| p < 00 • 

Proof of Lemma [OJ For r g]0, 1], ( r (P Sn ,P Mn ) < E(|i?„| r ), which implies item 1. If / G A r 
with r g]1, 2], from the Taylor integral formula and since E(R n ) = 0, we get 

E(f{S n )-f(M n )) = E(R n (f'(M n )-f'(0)+ J (f(M n + t(R n ))-f'{M n ))dtj^ 

< \\Rn\\r\\f{M n ) - f'mir/^l) + \\Rnt < II Rn \\ r \\ M n 1 + \\R n \\ r r . 

Since ||M n || r < ||M n || 2 = ^Ea, we infer that ( r {P Sn ,P Mn ) = 0{n^ +2 ^/ 2 ). 
Now if / G A r with r G]2,p] and if a > 0, we define g by 

g(t) = f(t)-tf'(0)-t 2 f"(0)/2. 

The function g is then also in A r and is such that g'(0) = g"(0) = 0. Since a 2 E(M 2 ) = E(S 2 ), 
we have 

E(f(S n ) - f(a n M n )) = E(g(S n ) - g(a n M n )) . (5.32) 
Now from the Taylor integral formula at order two, setting R n = R n + (1 — a n )M n , 

E(g(S n ) - g(a n M n )) = E(R n g' (a n M n )) + l -E{{R n ) 2 g" {a n M n )) 

+E((R n ) 2 [ (1 - t)(g"(a n M n + tR n ) - g"{a n M n ))dt) 
Jo 

< J—EdRnWanM^- 1 ) + \ \\ R n || 2 1| g" (a n M n ) || r/(r _ 2) + h\R n \\ r r 
r — 1 2 2 

< -^-rarl^nllrllMnlir 1 + \< 2 1| Rn \\ I \\ M n \\ r ~ 2 + \\R^ . 

r — 1 2 
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Now a n = 0(1) and ||-R n || r < ||-R n || r + |1 ~ at n \ ||M n || r . Since | \\S n \\ 2 — ||-W n || 2 | < ll-Rnlh) we infer 
that |1 — a n \ = 0(n <y2 ~ pS> / 2 ). Hence, applying Burkholder's inequality for martingales, we infer 
that \\R n \\ r = O^ 3 ^ 2 ), and consequently ( r (P Sn , ^mJ = 0{n^ r+2 -^l 2 ). 

If a 2 = 0, then S n = R n . Using that E(f(S n ) - f{^ia n Y)) = E{g{R n ) - g{^ia n Y)), and 
applying again Taylor's formula, we obtain that 

SUp \E(f(S n ) - /(vW))l < -^TpnllrllV^^llr 1 + l\\Rn\\r\\V^VnY\\ r - 2 + \\Rnt , 

/eA r r - 1 Z 

where R n = R n — -Jna n Y . Since -Jna n = ||-R n ||2 — 0(n (r+2 ~ p )/ 2r ), the result follows. □ 

By (I5.3ip . we can apply Lemma [5T21 with R n := Z\ — Z n+1 . Then for p — 2 < r < 2, the 
result follows if we prove that under (13.21) , M n satisfies the conclusion of Theorem 12.11 Now if 
2 < r < p and a 2 > 0, we first notice that 

(r{Pa n M n ,Gnal) = a n(r (Pm„ , G na 2 ) . 

Since a n = 0(1), the result will follow by Item 3 of Lemma [531 if we prove that under (13.21) . 
M n satisfies the conclusion of Theorem 12.11 We shall prove that 

J2 -^\MM 2 n \ T Q ) - E(M 2 )|| p/2 < oo . (5.33) 

n>l 

In this way, both (12.11) and (12.21) will be satisfied. Suppose that we can show that 

-^P(M n 2 |Jo) - E(^|^b)||p/2 < oo , (5.34) 

n>l 

then by taking into account the condition (13.21) . (I5.33P will follow. Indeed, it suffices to notice 
that (I5.34p also entails that 

n>l 

and to write that 

||E(M 2 |.F )-E(M 2 )|| p/2 < \\E(M 2 \F )-E(S 2 n \F )\\ p/2 

+ ||E(S' 2 | F Q ) - E{S 2 n )\\ P /2 + \E(S 2 n ) - E(M 2 )| . 

Hence, it remains to prove (I5.34p . Since S n = M n + Z 1 — Z n+1 , and since Zi = Z o T % is in L p , 
(I5.34p will be satisfied provided that 

l\2^3~p-^W S ^ Zl - Z n+l)\\p/2 < OO. (5.36) 
n>l 
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Notice that 



\S n (Zi — Z n+ i) \\p/2 < \\M n \\ p \\Zi — Z n+ i\\ p + \\Zi — Z n+1 \\p 



From Burkholder's inequality, ||M n || p = 0(^/n) and from (13.11) . sup n \\Zi — Z n+ i\\ p < oo. Con- 
sequently (I5.36P is satisfied for any p in ]2, 3[. 



5.3 Proof of Theorem IBT21 

Starting from (I5.3ip we have that 



M n :— S n + R n + R n , 



(5.37) 



where 



Rn = E(X fc |J-„)-^E(X fc |^ ) and R n = ^(X_ fe -E(X_ fc | F ))- ^ (X_ A -E(X_ fc |.F n )) . 

k>n+l k>l k>0 k>-n 

Arguing as in the proof of Proposition 13. II the proposition will follow from (13.51) . if we prove that 



oo 

^-^||E(M n 2 |J- )-E(^|J- )|| 3 / 2 < 



oo . 



(5.38) 



n>l 



Under (EOI) . sup n >i ||i? n ||3 < oo and sup„>^ ||i? n ||3 < oo. Hence (15.381) will be verified as soon as 

X j 

^^||E(^(i2 n + i4)|^o)|| 3 /2 < oo. (5.39) 



n=l 



We first notice that the decomposition (I5.37P together with Burkholder's inequality for martin- 
gales and the fact that sup„ ||-R n ||3 < oo and sup n ||-Rn||3 < oo, implies that 



\Sn\U < Cy/n. 



Now to prove (I5.39H . we first notice that 



E(s , n ^E(X fc |J- 



fe>i 



< 



3/2 



|E(S , „|J-o)|| 3 ||^E(X fc |^o 



k>l 



(5.40) 



(5.41) 



which is bounded by using (I3.4p . Now write 

E(S„, E(X fc |^ n )|^ ) =E(S„, E(X fc |^„)|^ ) + E(S n E(S 2n -S n \F n )\F ). 



k>n+l 



k>2n+l 
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Clearly 



fc>2n+l 



F 



3/2 



fc>2n+l 



k>n+l 



(5.42) 



by using ( 15.401) . Considering the bounds (15.4111 and ( 15.421) and the condition ( 13.41) . in order to 
prove that 

oo . 

£^||E(£ n i2»|^ )||3/2<OO, 



n=l 



it is sufficient to prove that 



oo - 

^^||E(5 n E(5 2n -5 n |^„,)|^ )||3/2 < 



oo 



(5.43) 



(5.44) 



71=1 



With this aim, take p n = [y/n] and write 

E(S n E(S 2n -S n \F n )\F ) = E((S n - S n - Pn )E(S 2n - S n \F n )\F ) 

+E(S n - Pn E(S2n-S n \F n )\F ). 

By stationarity and ( 15.401) . we get that 

oo _ oo . 

J2^h\\H(Su - S n ^ Pn )E(S 2n - S n \T n )\T )h/2 < C^^\\E(S n \F )\\ 



(5.45) 



?1=1 



n=l 



which is finite under (13.41) . since p n = [\/n\- Hence from (15.451) . (15.441) will follow if we prove 
that 

oo 

J2^\mS n ^ Pn E(S 2n - S n \F n )\F )\\ 3/2 < oo . (5.46) 



n=l 



With this aim we first notice that 

||E((S' rl _p n — E(S'„_p n |jF n-p n )E(S 2 n — S n \J-, n)]^ d) 1 1 3/2 

< ||<Sn-p n — E(5' rl _p J1 JjF n - Pn ) ||3||E(52n — S^J 7 n )\\3 , 

which is bounded under (13.41) . Consequently (I5.46j) will hold if we prove that 

X 

^ ^(E^J^JE^- S n \F n )\F )\\ 3/2 < oo. (5.47) 



n=l 



We first notice that 

E(E(S n „ Pn \F n „ Pn )E(S 2n - S n \F n )\F ) = E(E(S n - Pn \F n - Pn )E(S 2n - S n \F n - Pn )\F ) 
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and by stationarity and (15.401) 

||E(E(S' n _p n \T ri ,_ Pn )E(S'2 rl — Sr\T n - Pn )\!F d) 1 1 3/2 < || 'S'n— p„ II 3 II^C^ti — S n \F a-p n )\\3 

< cMmSn +Pn -s p jf )\\ 3 . 

Hence (I5.4TI) will hold provided that 

V E(X k \F ) <oo. (5.48) 



n 1 

n>l k>[y/n\ 



The fact that (I5.48P holds under the first part of the condition (13.41) follows from the following 
elementary lemma applied to h(x) = || 5^fc>[a;] ^(^fcl-^o) IU- 



Lemma 5.3. Assume that h is a positive function on M + satisfying h(\Jx + 1) = h(y/n) for any 
x in [n — 1, n[. Then Yl n >i n^h^y/n) < 00 if and only if ^ n>1 n -1 /i(n) < 00. 

It remains to show that 

—, zWnRn\Fo)h/2 < OO . (5.49) 



TT, 3 / 2 
n=l 



Write 



S n Rn = S n (^{X- h -mX- k \F Q ))- ^(X_,-E(X_ fe |J- n )) 

k>0 k>-n 

= S n (E(S n \F n ) -S n + ^(E(X_ fe |.F n ) _ E(X_ k \F Q )) 



k>0 

Notice first that 



\E(S n (S n -E(S n \F n ))\F )\\ 3/2 = \\E((S n -E(S n \F n )) 2 \F ) 



1 3/2 



< \\S n -E(S n \F n "" 2 



nj 113 ) 



which is bounded under the second part of the condition (13.41) . Now for p n = [\/n\, we write 
£(E(X_ fc |^ n )-E(X_ fc |^ )) = ^^ 

k>0 k>0 k>0 

Note that 



5^(E(X_ fe | F Pn ) - E(X_ fc |^ ))|| = || J2( X - k ~ HX-k\Fo)) - J2( X ~ k ~ ( E ( X -k\F P J) 

k>0 " k>0 k>0 

< \\Ys( x -k-HX-k\Fo))\\ +|| ^(X_ fc -(E(X_ fe |^ )) 



13 

fc>0 k>p„ 
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which is bounded under the second part of the condition (13.41) . Next, since the random variable 
J2k>o( E ( X ~k\^ Pn ) ~ E(X_ fe |.Fo)) is ^-measurable, we get 



3/2 



< 



3/2 



E(£„J](E(X_^ n ) -E(X_ A |^ ))|^c 

fc>0 

|E(5 Pn ^(E(X_ fc |^J -E(X_ fc |^ ))l^c 

fc>0 

+\\E(S n - ^J^J|| 3 || ^(E(X_ fc |^J - E(X_^ )) 

k>0 

< (ll-S'^Ha -K ||IE(^_^J^ )||3) || ^^(IE(^_ fc |^^) — IE(^_ fc |^ )) 

k>0 

by using (13.4p and ( I5.40p . Hence, since p n = [\/n\, we get that 



OO 

n=l k>0 

It remains to show that 

OO - 

E^ E(s n ^(E(X_ fc |J- n )-E(X_ fc |^J) 



3/2 



< OO 



n 3/2 | V 
n=l fc>0 



3/2 



< OO 



(5.50) 



Note first that 

||^(E(X_ fc |^)-E(X_ fe |^,J) 



fc>0 



It follows that 



fe>0 fc>0 

< |^(X„ fe -E(X_ fe |J- ))|| 3 +|| ^(X_ fc -(E(X_ fc |Jo)) 



k>n 



k>0 



E( ( S' n ^(E(X_ fc |^ n ) -E(X_ fc |^ p J)|^ 

< Cv^(| ^ (X_ fe - (E(X_ fe |JT )) + 



k>p n 



^(X_ fc - (E(X_ fe |.F )) 



k>n 



by taking into account ( 15.401) . Consequently ( 15.501) will follow as soon as 

E^ll E (*-*-e(*-*m) 



< OO . 



which holds under the second part of the condition (|3.4p . by applying Lemma [5.31 with h(x) 
II J2k>\x](X-k — E(X_fc|jF )) || 3 . This ends the proof of the theorem. 
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6 Appendix 



6.1 A smoothing lemma. 

Lemma 6.1. Let r > and f be a function such that \ f\\ r < oo (see Notation I5.il for the 

definition of the seminorm | • \\ r ). Let <ft t be the density of the law N(0,t 2 ). For any real p > r 
and any positive t, \f * <pt\k p — Cr,pt r ~ p \f\A r f or some positive constant c rtP depending only on r 
and p. Furthermore c r>r = 1. 

Remark 6.1. In the case where p is a positive integer, the result of Lemma [6. II can be written 
as ||/*#||oo<c r , p r-P|/| Ar . 

Proof of Lemma 16.11 Let j be the integer such that j < r < j + 1. In the case where p is a 
positive integer, we have 

(/ * (j)t) (p \x) = J (f U) (u) - f U) (x))<p ( f~ j \x - u)du since p-j>l. 
Since \ f^\u) — f^\x)\ < \x — u\ r ~^\f\ Ar , we obtain that 

K/*0 t )^(x)i < i/| Ar | ix-ur^^ix-u^duK \f\ Ar J \ u r j \<f>t j) (u)\du. 

Using that (j)^^{x) = t~ p+J_1 0i^(2;/t), we conclude that Lemma \Q. II holds with the constant 
c r,p = I \z\ r ~3 (j^C 3 {z)dz. 

The case p = r is straightforward. In the case where p is such that j < r < p < j + 1, by 
definition 

I/O * <j> t {x) - /&') * < |/| Ar |x - yH . 

Also, by Lemma [6.11 applied with p — j + 1, 

\f ij) * M*) - f u) * Mv)\ <\ x ~ y\\\f u+1) * Moo < \f\ Ar c r , j+1 t r -i- l \x - y\ . 

Hence by interpolation, 



|/<0 * <M*) - * fc(y)| < |/|A r r- p c^ 1 )/0 ' +1 -'' ) |x - y 



It remains to consider the case where r<i<p<i + l. By Lemma 16.11 applied successively 
with p = i and p — i + 1, we obtain that 

< I/Ia.c^- 1 - 1 and |/W < |/kM r_< ■ 

Consequently 

|/« * - /« * Uv)\ < IfUX-'i^ a ^ i+1 r l \x - y|) , 

and by interpolation, 

|/W * - /W * t (y)| < |/| Ar ^(2 Cr , i ) 1 ^ +i <7; i |x - . 
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6.2 Covariance inequalities. 

In this section, we give an upper bound for the expectation of the product of k centered random 
variables II? =1 (X< - E(X;)). 

Proposition 6.1. Let X = (X 1? • • ■ , X&) be a random variable with values in R fc . Define the 
number 



(0 



(c(Xj), Xi, . . . , . . . , x fe 



(6.1) 



sup 



ft ft 

E( J] (Ix J >x I -P(X J >x,))|a(X l )) -E( J] (l Xj>Xi -F(X i >x i )) 



Let Fi be the distribution function o/Xj and Qi be the quantile function of |Xj| (see Section 4-1 for 
the definition). Let F' 1 be the generalized inverse of Fi and let Di(u) = (Ff (l — u) — Ff (u))+. 
We have the inequalities 



|E(j]X,-E(X t ))| < f 1 (j[Di(u/<f>^))du 

1=1 ' ^° 8=1 



and 



|e(J]x-e(x 

i=l 



< 2 k 



1 , k 



HQi(u/<f>^))du. 



(6.2) 



(6.3) 



8=1 



In addition, for any k-tuple (pi, . . . ,pk) such that 1/pi + . . . + l/pk = 1, we have 



K K 

|e( JJXi - E(X)) | < 2 fc J^W) 1 '" IIX.IU 

i=l ' i=l 



(6.4) 



Proof of Proposition 16.11 We have that 



E(J]X-E(X)) = / E(j[l Xi>Xi -W{X i >xS)dx 1 ...dx 1{ 

i=i ' i=i 



(6.5) 



Now for all i, 

k 



E(n^>^ >x 

8=1 

tfc fc 

(e( n (ix^x, - p(x, > x i ))k(x)) -e( n (^>^ - > x *)) 

(k ft \ 

!*<*,(e( J] (l x ,>, i -P(X i >x i ))k(X i ))-E( J] (lj^-P(.X, >*,))))) 



33 



Consequently, for all i, 



k 

i=i 



(6.6) 



Hence, we obtain from (16. 5ft and ( 16. 6ft that 



E 



< 



1 , fe 



i=l 



n 1 



1 F i - 1 (u/ < /,W)<x i < J F;- 1 (l- u /</.W)" J 'i 



and (16. 2p follows. Now (16. 3p comes from (16. 2 j) and the fact that D^u) < 2Qi(u) (see Lemma 6.1 
in Dedecker and Rio (2006)). □ 

Definition 6.1. For a quantile function Q in Li([0, 1], A), let !F(Q, Px) be the set of functions / 
which are nondecreasing on some open interval of R and null elsewhere and such that Q\f(x)\ — Q- 
Let C(Q, Px) denote the set of convex combinations Y^Li A4/4 of functions fi in F{Q, Px) where 
S*=i |Aj| < 1 (note that the series ^4=1 Ai/iPO converges almost surely and in Li(Px)). 

Corollary 6.1. Let X = (X 1; • • ■ , Xf.) be a random variable with values in M fc and let the ' s 
be defined by 116.1}) . Let (fi)i<i<k be k functions from K to E, such that fi G C(Qi, PxJ ■ We 
have the inequality 

4=1 ^° 4=1 ^ 

Proof of Corollary 16.11 Write for all 1 < i < k, fi = Yl'jLi ^j,ifj,i where Yl'jLi I Awl — 1 an d 
hi^HQiiPxd- Clearly 



oo oo 



|e( n - e (/* w)) | ^ e e ( n i a ^o K n w - 

4=1 71=1 j,,=l 4=1 4=1 



< 



ii=i ifc=i »=i 
fe 

sup |E(H/i 4 ,iTO-E(/i*,iW)' 
ii>i,-,ifc>i 1 v ".i 

Since each is nondecreasing on some interval, 

<K<T(f M {Xi)), f n AXi), • • • , /^-xpQ-i), /, i+1>m (X i+1 ), . . . , f jk , k (X k )) < 2*-V (0 • 
Then applying (16.31) on the right hand side of (16.71) . we derive that 



(6.7) 



E(jJ/ i (X < )-E(/ < (Jfi)) 



< 2* 



4=1 



1 * 



4=1 



1/ 



2 fe - 1 (/)( i ) 
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and the result follows by a change-of-variables. □ 

Recall that for any p > 1, the class C(p, M, Px) has been introduced in the definition 

Corollary 6.2. Let X = (X 1; ■ • • , X^) be a random variable with values in M fc and let the (f>® 's 
be defined by $6. Let a k-tuple (p\, . . . ,pk) such that 1/pi + . . . + 1/pk = 1 and let (/i)i<i<fe 
be k functions from R to M., such that fa G C(pi, Mi, PxJ- We have the inequality 

k 

,2fe-i Y\(Ai)\i/Pi M ypi 



|e( n /« w - e (^( x *))) | ^ 2 2fc_i n(^ (i) ) iMM ' 

i=l i=l 
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